The improved formulations of the Lindstedt -Poincare perturbation method, the harmonic balance method and its modifications using the rational functions, the energy balance method and the two-terms Fourier series expansion have been employed to find approximate solution to the equation of motion for the cubic -quartic potential AHO and its special cases (the cubic, the quartic, and the purely cubic -quartic potential AHOs), to assess the relative merits and demerits of these techniques. Two new rational functions as approximate solution for the harmonic balance method have been proposed and the rational functions have been used as trial functions in the energy balance method for the first time. The time periods T+ (for q(t) > 0), T-(for q(t) < 0) and the total period T so determined have been compared with the corresponding exact values for an extensive range of the AHO parameter values. The results have been thoroughly analysed in terms of their percentage difference from the relevant exact time period. It is concluded that the methods based on the Lindstedt -Poincare perturbation approach do not lead to reliable results for T+ and T-, which makes their applicability for the asymmetric potential AHOs doubtful. The harmonic balance technique together with its different variants is the most successful, while the Fourier series approach also yields commendably accurate results. The outcome of the third-order energy balance method is reasonably good though the usage of the rational functions for this has not been encouraging.
Introduction
In view of the smorgasbord of applications of the anharmonic oscillators (AHOs) with strong non-linearity, various researchers have formulated a number of innovative methods to determine approximate solution for their equation of motion in one-dimension and thereby to find an expression for the frequency or time period in terms of amplitude of oscillations and other parameters characterizing the oscillator. Most of them have elaborated their techniques by considering the Duffing AHO with symmetric potential ( ) = 2 2 + 4 4
as typical example and comparing the output with the results of one or two other earlier developed methods and the exact numerical computations.
Prompted by the availability of significantly large variety of approaches, we undertook the task of examining the relative merits and demerits of some of the techniques involving trigonometric functions in the approximate solutions and to look into their inner relationships. For this purpose, we have used the cubic -quartic potential AHO, 
as the main test case for a wide range of the parameter values. The choice of this asymmetric AHO has been mainly guided by the fact that the solution of its equation of motion
is rendered more arduous by the difference in the behaviour for the positive and negative values of q(t). The asymmetry of the potential has indeed proved to be very crucial in this investigation. Besides, this potential is important in its own right as it has been successfully used for analysing the vibration spectra of molecules, understanding the thermal expansion and heat capacity of one dimensional crystals, elucidation of thermal transport in one-dimensional chain, describing the nonlinear free vibrations of thin laminated plates and interpreting some features of the plasma oscillations which play a crucial role in plasma processing [1] [2] [3] [4] . Furthermore, this potential reduces to a cubic potential AHO for b = 0 and to a quartic AHO for a = 0. The former leads to the so called eardrum equation while the latter is the Duffing AHO. The purely cubicquartic potential AHO can be also treated as a special case of the potential given by (2) with = 0. It may be also pointed out that the dimensionless equation along the axial direction for a nonlinear ion trap wherein the quadrupole, the hexapole and the octopole terms are taken into account, looks like Eq. (3) [5] .
Eq. (3) has been solved by Hu [6] employing the first-order harmonic balance method (HBM) for ω = b = 1 and the numerical calculations have been reported for a = 1 and different values of the amplitude of oscillation. He has also used the same technique for the special case of b = 0 (the eardrum equation) and ω = 1 giving numerical results for a = 1 and some values of the amplitude [7] . In addition, Elias-Zuniga [8] put forward a Jacobian elliptic function based ansatz to find the exact solution for a similar equation and derived conditions for its existence.
Separatrices
For positive values of the AHO parameters ω 2 , a and b, the cubic -quartic potential, Eq.(2), has 0 = 0 as a stable minimum while ⁄ is zero so that the point is an inflection. However, dV/dq is negative for both q infinitesimally smaller or greater than ± meaning thereby that -a/2b is not a local extremum.
The case a 2 > 4ω 2 b pertains to distinct values of + and − and the former, which itself is negative, is a local maximum. Therefore, if the energy of the particle is such that it exceeds the potential energy V( = + ), the orbit will be no longer bound. Consequently, for an arbitrary initial amplitude C, the orbits of motion are homoclinic when V(q = 0) = 0 < V(q = C) < V(q = + ). Substituting q = C and q = q+ from Eq. (4) into Eq. (2), together with V(q = C) < V(q = + ), after some simple algebra leads to the condition 
Otherwise, the orbits will be heteroclinic. Thus, the two terms in (5) with sign of equality define the separatrices for the cubic -quartic AHO.
The preceding consideration shows that if ω 2 , a and b are so chosen that a 2 < 4ω 2 b, then any arbitrary value of C can be used for calculations. However, when a 2 > 4ω 2 b, C has to be taken in accordance with the inequality in (5) . It may be mentioned that Hu [6] studied the AHO having ω = a = b = 1 so that the condition a 2 < 4ω 2 b is satisfied and C could be picked up without a constraint.
Next, in the case of a cubic potential AHO (b = 0), q0 = 0 is a stable minimum while q0 = − 2 ⁄ is a maximum. Therefore, for the motion to be bound or the orbit to be homoclinic, the turning point for q < 0 must have value more than − 2 ⁄ . Here, the condition for the orbits to be homoclinic turns out to be a < 2 2 ⁄ . The orbits will be heteroclinic for > 2 2 ⁄ while = 2 2 ⁄ gives the separatrices. This is the same result as in [21] where ω = 1.
Relationship between amplitudes for q(t) > 0 and q(t) < 0
The presence of cubic term in the expression for V(q) renders its plot less steep for q < 0 and more for q > 0 for a specific value of energy (E). This, in turn, makes the amplitude of the oscillation to have larger magnitude for q < 0 as compared to that for q > 0 as also pointed out by Hu [6] . Thus, taking the oscillations to be confined to the asymmetric limits [-D, C] , where D > C > 0, we have for the turning points, (1 + 2 ), ).
Therefore, for a particular value of C, whether chosen arbitrarily or as per the requirement of condition in (5) , the corresponding D can be determined from Eq. (7) . Once again, our expression for ω = 1 corresponds to the earlier result found by Hu [6] .
For a cubic AHO, Eq.(6) reduces to 
The acceptable value of D, which is such that D → 0 when C→ 0 for E→ 0, is given by 
and its special case for ω = 1 has been already reported by Hu [7] . From this expression, we note that for D to be real 3 4 > 4 ( 2 + ) which on solving for aC gives < 2 2 ⁄ , as obtained for the orbit to be homoclinic.
Exact time-period
For a conservative system, the total energy E = 2 ( ) 2 + ( ) is a constant of motion and for the trajectory confined to [-D, C] in the cubic -quartic potential, this leads to the exact timeperiod of oscillations as 
Here, + and − are the times taken to cover the trajectory with q(t) > 0 and q(t) < 0 in one oscillation, respectively. It may be noted that b = 0 in the above yields the expressions for the cubic AHO. Also for a quartic AHO which is described by the symmetric potential,
Lindstedt -Poincare perturbation method based techniques
In view of the fact that the LPM is one of the most commonly used techniques for finding approximate solutions to nonlinear oscillators falling in the perturbative domain, a number of its extensions have been propounded by various workers to handle the problems with strong anharmonicity. One approach has been to introduce a new parameter that remains small irrespective of magnitude of the original anharmonicity parameters [26] . This is the strategy underlying the techniques developed by Amore and Aranda [9, 10] , Wu et al [11] and also by Sun et al [12] , which have been used in this work.
In order to implement the LPM, we rescale time t to τ as τ = Ωt and, thus, Eq. (3) becomes
Here, Ω is angular frequency of the AHO, which like q(τ) too is unknown quantity. Following the procedure recommended by the above mentioned authors, we rewrite Eq. (15) in the form
which reduces to (15) for ε= 1. In this expression, α is additional linear spring or stiffness constant per unit mass and is treated as an adjustable parameter. ε is dummy perturbation parameter employed for book keeping. The main difference from the conventional LPM is that a as well as b need not be small and ultimately ε will be taken 1. It is quite crucial to choose α in the best possible way.
Guided by the experience of Amore and Aranda [9] , we substitute the series expansions
into Eq. (16) and get the hierarchical linear differential equations as 
Since the derivatives in these expressions are with respect to τ = Ωt and Ω has been identified as the frequency of oscillations of the AHO, we demand that 2 + = 0 in the homogeneous differential equation, Eq. (19) . Furthermore, in order to incorporate the fact that amplitudes of oscillation for q(τ) > 0 and q(τ) < 0 are, respectively, C and D, we have used the following conditions:
Accordingly, the solution for Eq. (19) can be written as
The subscripts + and -correspond to the motion for q(t) > 0 and q(t) < 0, respectively. Substituting this into the first nonhomogeneous linear differential equation, Eq. (20), using the conditions spelled out in (23) for j = k = 1, and eliminating the undesired secular term in the expression for q1(t), we get 
Here,
Thus, up to third-order in ε, the angular frequencies for the trajectories with q(t) > 0 and q(t) < 0 for ε = 1 are given by
Obviously, α± have to be determined to make the results as accurate and reliable as possible.
Amore et al approach
Amore and Aranda [9, 10] 
It may be pointed out that for a cubic potential AHO (b = 0),
These combined with Eqs. (25) - (27) .
It may be noted that both Ω + 2 and Ω − 2 are less than 2 . For the cubic AHO to be oscillatory, both of these must be positive. The former requires that
while the latter demands that
These conditions can be also, respectively, expressed as > 1.142√ and > 0.799√ . This restricts the domain of applicability of the method to the cubic potential AHO. In fact, similar conditions are also expected for the cubic -quartic AHO as the expressions for Ω ± 2 involve negative terms as in Eq. (32), which are absent for the case of a quartic AHO (a = 0, D ≡ C and − ≡ + = 3bC 2 /4), namely,
Wu and coworkers' prescription
The recipe for determining the optimum value of the linear spring constant α, as proposed by Wu et al [11] essentially amounts to taking
where n is the order of approximation employed for the expansion of q and Ω 2 in Eqs. (17) and (18), respectively. In the case of a Duffing AHO, this approach on being implemented with LP perturbation up to second-order gave results much better than those obtained by using the prescription of Amore et al, which could be applied only if the perturbative treatment was up to third-order. Adopting this methodology for the present situation, we have up to secondorder 1± + 2± = 0 . Substituting the relevant expressions from (25) and (26) , solving these equations for ± and putting into the second-order expansion for Ω 2 , we finally get frequencies in second-order as 
Since D > C > 0, both these conditions are fulfilled if > 1.351 . Clearly, this is in quite contrast with the restriction found for the implementation of the approach followed by Amore et al; see comments after Eqs. (33).
In view of the fact that we have gone up to the third-order for the previous procedure, we do so here as well and, thus, take 1± + 2± + 3± = 0.
(39) Substituting Eqs. (25) - (27) 
Modified procedure of Sun et al
As a follow up of the successful usage of the improved LP methods for the AHOs with symmetric potentials, Sun et al [12] suggested an approach to solve the problem of an AHO with mixed parity, wherein the difference in the amplitudes for the motions corresponding to q(t) > 0 and q(t) < 0 is taken care of in a completely different manner than has been done in the preceding two subsections. The potential used by them for elaboration was ( ) = With a view to implement their procedure, we rewrite Eq. (16) as
where is a constant to be determined. When expansions in (17) and (18) are substituted in (42), Eqs. (19) and (20) are modified by additional terms -and , respectively, on the right hand side, while Eqs. (21) and (22) 
In this expression, the explicit effect of the difference in the times taken to cover the distances for q(τ) > 0 and q(τ) < 0 is lost and a sort of average appears in (43) 
Finally, Ω 2 equals ω 2 + α. For a cubic AHO, the angular frequency up to second-order is found to be given by 
Approximate time-periods
Having determined Ω± through the Amore et al or the Wu et al approaches, we find the times taken by the AHO to cover the path for q(t) > 0 and q(t) < 0 in one oscillation from ± = Ω ± ⁄ and, thus, the time period of the AHO as = + + − . These expressions will be also used for other techniques to be described in the later sections. Furthermore, for the Sun et al prescription and for a quartic AHO = 2 Ω ⁄ .
Harmonic Balance Method and its other versions
It is well known that the HBM offers a relatively simple and quite reliable tool for determining the approximate value of the frequency of an AHO and has been quite often used for this purpose. The versatility of this technique in bringing out the effects of nonlinearity in the periodic systems has been well summarized by Peng et al [27] . The essential tenet of this method is to transform the non-linear differential equation describing the motion of an AHO into a set of nonlinear algebraic equations using a truncated Fourier series of pre-decided order as approximate solution. Besides, rational functions based ansatz have been also employed [6, 7, [13] [14] [15] [16] [17] [18] . Thus, up to third-order of approximation, we have taken
with
for q(t) > 0. The corresponding expressions for q(t) < 0 read q(t)= 1 (Ω − ) + 2 cos (3Ω − ) + 3 cos (5Ω − ) (51a) and
where
In order to implement the HBM, we have expressed F( ( )) as a Fourier series up to third harmonic as
for q(t) > 0. The Fourier coefficients are given by 
It may be pointed out that if the treatment is kept only up to second-order, then a set of only two algebraic equations is obtained for each of the situations q(t) > 0 and q(t) < 0. For the former, these equations read
2 ) 1 − 
where 2 = − 1 . We have also found the corresponding equations for q(t) < 0.
The special cases of a cubic and a quartic AHO are, respectively, derived by putting b = 0; and a = 0, D = C in the preceding expressions.
Belendez et al approach for rational function HBM
Guided by the success of the rational function based HBM in finding highly accurate values of the frequency for the Duffing and other AHOs [16] [17] [18] , we have used
for q(t) > 0 and
for q(t) < 0 as the approximate solutions of Eq. (3). Belendez et al [18] had argued that the above expression for q(t) involves all the harmonics and, therefore, leads to results far better than the simple HBM. However, in practice they used only terms up to second-order in the parameter corresponding to δ± because this was assumed and found to be quite small. In view of the above comments, carrying out binomial expansion up to second-order in δ+ for q(t) in Eq. (64), we get
When compared with the second-order expression
it has an additional term 
Two new rational functions
Inspired by the remarks that the rational functions appear like a Pade approximants of the same order [14] and when used in HBM offer better approximation for the solution of the problem [15] [16] [17] [18] , we have proposed two new rational functional forms for q(t) which contain two parameters rather than one in Eqs. (64) and (65). Their application to the problem at hand is described in the sequel.
Relatively simple higher order rational function
Consider, for q(t) > 0,
where both 1+ and 2+ are assumed to be sufficiently small. Its binomial expansion up to second-order in 1+ as well as 2+ yields whose difference from Eq. (66) is obvious. Since the present form of q(t) involves three unknowns Ω + , 1+ and 2+ , the use of this approximation for q(t) gave us the following three algebraic simultaneous equations for the HBM.
( 
We have similarly derived the set of three equations involving Ω − , 1− and 2− .
Taking b=0 in the above three equations and the corresponding ones for q(t) < 0, we obtained expressions for the cubic potential AHO. Similarly, putting a=0 in the Eqs. (72) -(74), we found the simultaneous algebraic equations for the quartic potential AHO.
The second higher-order rational function
As a possible improvement over the previous suggestion, we have also tried another rational function, namely,
for q(t) > 0. Obviously, this is more complicated than the one talked about in section 4.2.1. In this case also 1+ and 2+ are taken to be small so that binomial expansion of (75) up to the second-order in these parameters leads to .
The presence of higher harmonics makes the expression to be of much higher-order. 
Needless to mention that the corresponding equations for q(t) < 0 have been also determined and the statements regarding the cubic and the quartic potential AHOs at the end of section 4.2.1 hold good here as well.
Energy balance method and its modified variants
The EBM put forward by He [19] employed trial function of first-order, involved collocation of a residual function for a specific value of time and predicted angular frequency for a quartic potential AHO having ω = b = 1 with an error of 0.39 % like many other simple techniques [28] [29] [30] [31] . However, recently Durmaz and Kaya [20] proved that the usage of expressions for q up to second-and third-order together with a different approach for handling the residual function significantly ameliorates the accuracy. The first step in the EBM as improved in [20] is to define an instantaneous value of residual R(t), which is difference between the energy expressions at that instant of time and at the turning points for that oscillatory motion. This is evaluated using the trial solution q(t) of desired approximation n and, then, the unknown quantities, Ω and the coefficients in the expression for q(t), are found by solving the simultaneous nonlinear algebraic equations obtained by setting the weighted integrals of R(t), with weightage cos[(2j-1)Ωt] where j=1,2,…,n; equal to zero.
In the case of a cubic-quartic potential AHO, for q(t) > 0, the residual is defined as 
To keep the order of approximation same as in the previous two sections, we have used the expression for q(t) given by Eqs. (50a) and (50b) as the trial function. Substituting these into Eq. (80), using Ω + = + and asserting that
where, j=1,2 and 3; we obtained the following set of algebraic equations in Ω + , C1, C2, and C3=C-C1-C2. 
Here, too similar set of simultaneous algebraic equations was derived for q(t) < 0. It may be noted that putting b = 0 in these expressions produced results for a cubic potential AHO while a = 0 led to the findings for a quartic AHO. Furthermore, by taking C3 = 0 in Eqs. (82) and (83) and omitting Eq. (84) we got equations corresponding to the second-order EBM. Same comments hold good for the relevant equations for q(t) < 0.
EBM with rational function
Using the rational function in Eq. (64) as the approximate solution for q(t) > 0 and for the EBM, the simultaneous algebraic equations obtained as A similar pair of algebraic equations for q(t) < 0 and the special cases for the cubic AHO (b = 0) and the quartic AHO (a = 0) were also obtained.
EBM with higher-order rational function
The EBM has also been implemented with the trial function as proposed in Eq. (75) for q(t) > 0 and the corresponding expression for q(t) < 0. For the former, this led to the following algebraic equations. 
Once again the set of equations involving Ω − , 1− and 2− found through the use of the corresponding trial function for q(t) < 0 were obtained. Also the relevant expressions pertaining to b = 0 and a = 0 were determined.
Fourier series technique
With a view to employing the FSE for the determination of angular frequency or time-period in terms of the parameters of a cubic -quartic potential AHO, we used equation of motion in the form given by Eqs. 
with + = Ω + . Clearly, determining ( ( + )) is very crucial and doing so by using the complete expression in Eq. (90) }.
It is pertinent to bring out the fact that Eqs. (93) and (94) are identical to the two expressions obtained in the second-order HBM, namely, Eqs. (62) and (63), respectively. However, the second-order HBM lacks an expression corresponding to Eq. (95). Therefore, it is expected that the FSE presented in this work will certainly yield results superior to the HBM of second-order, and, in view of the presence of the third relationship, Eq. (95), these should be comparable with or even better than the HBM of third-order described in section 4.
On being solved with the Newton-Raphson method, the above three simultaneous nonlinear algebraic equations gave us the numerical values of Ω + , 1 and 2 for a particular set of a, b and C values. Proceeding in a similar manner for the case q(t) < 0, using
and performing integration over the time interval
we obtained the corresponding expressions for 1 , 2 and D. These were, in turn, employed to find Ω − , 1 and 2 . As usual b=0 in the above expressions produced results for a cubic potential AHO, while a = 0 with proper consideration for the associated symmetry led to the findings for a quartic AHO. 
which yields the same expression for Ω + as is obtained with HBM of the first-order applied to the cubic -quartic potential AHO.
Numerical results and discussion
The analytical expressions derived through different approaches in the preceding four sections provide approximate relationship between the angular frequency and  for q(t) > 0 and q(t) < 0, respectively, and the cubic -quartic potential AHO parameters  a, b and C. These expressions have been used to determine the numerical values of and and thereby of the corresponding approximate periods T+, T-and T, as mentioned in section 3.4, for a wide range of the values of  a, b and C. In order to assess the accuracy of the techniques employed and their relative strengths and weaknesses, these results have been collated with each other and also the corresponding exact values of T+, T-and T determined through precise numerical integration; Eqs. (12) - (14) . The representative results for some typical values of the parameters have been listed for the cubic -quartic, cubic (b = 0) and quartic (a = 0) AHOs in Tables 1 -7 . The numerals indicating the various methods dealt with in this work are the same in all the cases and have been spelled out in the caption of Table 1 . The percentage difference (PD) of the outcome of a particular method for a specific set of values of  a, b and C from the relevant exact value (namely, [{approximate time -exact time}/ exact time} x 100]) has been included in the parenthesis after the concerned finding of the approximate approach. Obviously, PD gives a measure of the accuracy of the technique under consideration. It may be pointed out that the LPM based techniques could be used only when the values of the parameters satisfied the relevant conditions brought out in section 3. Similarly, the applicability of the approaches using higher-order rational functions suggested in the present work demands that 1± and 2± be small, a condition which is not met with while solving the corresponding simultaneous equations for some sets of the AHO parameters. The entries for such cases have been omitted in Tables 1  -6 . Furthermore, in the case of a quartic AHO, the Sun et al prescription for the LPM reduces to the second-order LPM Wu et al approach because D = C and, therefore, Table 7 does not have entries with numeral (v). It may be also mentioned that Belendez et al [18] had used approximation in their evaluation of the time period for a quartic AHO with rational function HBM, while we have solved the simultaneous equations exactly making our results slightly different from theirs.
It may be pointed out that the cases a = 5.0, b = 1.0 and C = 0.45 in Table 2 pertain to the situation a 2 > 4 2 b so that the corresponding D values have been obtained from the inequality in Eq.(5). Here, C = 0.45 is the largest two significant figure value for which the orbit is homoclinic. All other values of the parameters  a, b and C given in Tables 1 -4 , are in accord with the inequality a 2 < 4 2 b. In a similar manner, the values of the parameters considered for the cubic AHO in Tables 5 and 6 are as per the inequality < 2 2 ⁄ and the cases a = 0.5, C = 0.99, and a = 1.0, C = 0.49 in Table 5 are the two extreme examples of the homoclinic orbits for the listed anda values as the higher values of C make the orbits heteroclinic. Table 2 The time periods for a cubic -quartic AHO with . Labels (i) to (xv) have the same meaning as in Table 1 . Table 4 The time periods T+, T-, T for q(t) > 0, q(t) < 0 and total, respectively, for a cubic -quartic AHO having  Table 5 The time periods for an AHO governed by cubic potential and having . 
0.30770113(6.50x10 -6 ) 0.32129657(6.22x10 -6 ) 0.62899771(7.95x10 -6 ) Table 7 The time period T for an AHO with a quartic potential. 4.76798872(-6.98x10 considered for the cubic AHO in Tables 5 and 6 are as per the inequality < 2 2 ⁄ and the cases a = 0.5, C = 0.99, and a = 1.0, C = 0.49 in Table 5 are the two extreme examples of the homoclinic orbits for the listed anda values as the higher values of C make the orbits heteroclinic.
It is worth noting that the expressions for for the cubic -quartic potential AHOin all the LPM based approaches and the first-order treatments corresponding to the HBM, the EBM and the FSE contain aC and bC 2 as single factors and this characteristic is more prominent in the cubic as well as quartic potential AHOs where aC and bC 2 , respectively, occur together. This aspect has been also pointed out by many earlier workers during the discussion of the quartic AHO (see e.g. [11, 18] ). However, this feature becomes obscure in the higher-order versions of the last three methods because C itself is taken as sum of two or more components. Furthermore, similar comments hold good for , wherein C is replaced by D. Since D itself is determined by the value of C, both the angular frequencies and thereby all the periods T+, T-and T effectively depend on aC and bC 2 . This dependence is fully collaborated by the numerical results Table 2 .
A perusal of the entries in Tables 1 -7 shows that if the values of different AHO parameters are comparable (C is neither large nor defines the border case of the homoclinic and the heteroclinic orbits) then the PDs for the LPM based approaches are quite large for T+ and Tthough these become significantly less for T because their signs are opposite for the values of T+ and T-. Sometimes the cancellation of the errors in T+ and T-is so strong that the value of T looks impressively accurate. The sets a = 1.0, b = 1.0, C = 1.0, D = 1.15167393 (Table  2) (Table 6 ) are typical examples of such situation. Nonetheless, this does bring out the inherent limitation of the applicability of all these methods for the case of AHOs described by the asymmetric potentials. The findings of the other approaches are, generally, reasonably accurate except some versions of the EBM. Also we cannot label different methods according to their accuracy because neither this nor the technique that yields the minimum PD is unique. Of course, the PDs for the cases corresponding to the C values bordering the homoclinic and the heteroclinic orbits (e.g., C = 0.45 for a = 5.0, b = 1.0 (Table 2) ; C = 0.99 for a = 0.5 (Table 5 ); and C = 0.49 in the case of a = 1.0 (Table 5) ) are reasonably large for all the techniques. In particular, it may be noted that for a = 1.0, C= 0.4 (Table 5 ) the PDs for some methods are even of the order of 10 -3 , while for C = 0.49 these are higher than 10 -1 and also the FSE which is the most accurate approach for the former is not so for the latter. Also some of the methods fail to yield results in these cases. Now coming to the dependence of PDs on the value of C for specific values of other parameters, even for C = 0.1 the errors for the LPM based techniques are sufficiently large for T+ and T-though these are small for T. This is not the case for other methods. For example, for a = 1.0, b = 1.0, C = 0.1, the PDs in T+, T-and T for the LPM Amore et al approach are, respectively, 4.55, -4.17 and -2.4x10 -2 while in the case of FSE technique all the PD values are about 2x10 -7 . As C increases, the errors generally increase. This trend has been observed for the AHOs described by the cubic -quartic, the cubic and the quartic potentials. However, when C is quite large as compared to the other parameters, the PDs attain constant values for T+, T-and T corresponding to bC 2 becoming infinite (>10 5 ) irrespective of the individual values of a and b. Of course, we cannot talk about the asymptotic behaviour for a cubic potential AHO (see, for example, the entries corresponding to a = 1.0, b = 1.0, C = 1000 in Table 1 and a = 0.0, b = 1.0, C = 1000 in Table 7 ). It is found that under these conditions, the outcome of the computations for the value of T is the most reliable for the rational function based HBM followed by third-order EBM and third-order HBM. The performance of the HBM employing the rational functions proposed in this work is next in gradation and comparable with that of FSE. The LPM based techniques belong to the next group on the basis of the magnitude of PD, while the second-order HBM as well as the second-order EBM do quite poorly. Of course, the EBM using the rational function does not work. As far as appreciation of the situation pertaining to large bC 2 on the basis of the expressions derived in the preceding sections is concerned, this can be done for the LPM based approaches but not in other cases because these involve writing C as sum of two or more components and the moment the dominating component is taken very large ignoring the other components the technique itself is reduced to the first-order one and, therefore, its discussion becomes meaningless. In the case of Amore et al approach, for very large value of bC 2 ignoring the contribution of all other terms we get the same PD of -6.82 x 10 -2 for T+, T-and T of a cubic -quartic potential AHO and a quartic AHO. This result is the same as reported in [9] . Obviously, this is in complete agreement with the PD for the relevant T values in different tables, but significantly deviates from the findings for T+ and T-indicating that the terms containing aC or aD do make a contribution.
It is quite interesting to investigate influence of variation in thevalues on the time periods because so far all the authors have essentially taken = 1. When  is much smaller than the other parameters, the PDs are reasonably large; see, e.g., the results for b = 1.0, C = 1.0 in Table 7 . As  increases, the PDs become smaller particularly for the values of T and for  nearly 10 or more times larger than the values of other parameters these differences become extremely small. In the case of a cubic -quartic potential AHO defined by a = b = C = 1.0, the data in Tables 1 -3 Table 7 and for = 5, 10 and 20, the respective values of T are 1.2382232, 0.62597623 and 0.3138651775 with exceptions as in the previous example for T values. Here, the exact values have been also rounded off to the relevant number of significant figures. In the case of a cubic potential AHO, we have used a = C = 1.0 for elaboration. In view of inequality, < 2 2 ⁄ , = 1.0 has not been considered.
The results for = 2.0 have been included in Table 6 , which show that the PD is minimum for the FSE. For = 5, the values of T+, T-and T are, respectively, 0.617921, 0.639579 and 1.257499, while for = 10, these are 0.3128345, 0.3155104 and 0.6283449. Once again the methods departing from the general trend are the same as in the case of a cubic -quartic potential AHO. The reason for this type of behaviour with increase in can be understood by realizing the fact that when the value of is higher than the other parameters by an order of magnitude, the latter act only as perturbation and their contribution to angular frequency is quite small which makes the results for time period accurate irrespective of the technique employed.
It is worth mentioning that if C is very large (few orders of magnitude higher than the anharmonicity parameters) for cubic -quartic and quartic potential AHOs, the PDs are not affected by increasing the values by a factor of 10 or 20. For example, for a = 1.0, b = 1.0, C = 1000, D = 1000.6666002 these are the same as for a = 1.0, b = 1.0, C = 1000, D = 1000.66666615 given in Table 1 . This behaviour is a consequence of the dominance of the large value of bC 2 .
In the case of a quartic potential AHO, some workers [11, 18] have evaluated the angular frequency or time period for the negative values of bC 2 , which essentially implies b < 0. Here, we have examined in some detail the effect of change in sign of the parameters a as well as b.
If we replace a by -a1 in the potential for a cubic AHO, the expression becomes
Obviously, the curve for q(t) > 0 will match the one for q(t) < 0 in the cubic AHO with positive a so that the plot for V(q) corresponding to negative a is mirror image in the Y-axis of that for the potential with positive a. Accordingly, the values of C and D and hence those of T+ and Tget interchanged and the total time period T is unaffected. For a quartic potential AHO, changing b to -b1 gives
which has ± = ± √ 1 as two maxima with q0 = 0 as a stable minimum in between. In this case, the amplitude of oscillations has to be such that 0 < < /√| |. Table 8 ) to 10.0 the time periods obtained with all the techniques including the exact result can be rounded off to0.63068881 except that determined by EBM (second-order) which yields the value as 0.63068904. Furthermore, a comparison of the findings for b = -1.0, C = 1.0 (Table 8) with those for b = 1.0, C = 1.0 (Table 7) reveals that the time periods for the negative b are higher and the PDs also get enhanced even though the relative accuracy of various techniques is essentially the same. Table 8 Time periods T for an AHO governed by quartic potential, with negative value of the parameter b and the legends for numbers (i) to (xv) the same as in A replacement of both a and b by -a1 and -b1, respectively, in the expression for potential of a cubic-quartic AHO transforms this into 
Once again, the values of C and D and hence those of T+ and T-for the potential having negative a and b are interchanged with respect to the ones for the potential with positive a and b and, therefore, the total time period T is the same.
The purely cubic-quartic potential AHO (= 0.0) too has been included in the present comparative study. It reads 
where ′ 2 = a 2 /b, a' = -2a and b' = b. In this case the amplitude C = a/b corresponds to infinite time period, while the magnitudes of C less or greater than this lead to finite periods. It may be noted that ' is large for the high values of a and small values of b. Also since the slope for q(t) > 0 is less than that for q(t) < 0, D < C. The results of computations for some typical values of the parameters for the purely cubic -quartic AHO are listed in Table 9 . Table 9 The time periods for q(t) > 0, q(t) < 0 and total for a purely cubic -quartic potential AHO (. It is observed that for a specific set of a, b and C (not very large) values for = 0, the periods determined with the approximate techniques differ significantly from the corresponding exact value as compared to the case when  is nonzero; see, e.g., entries for a = b = C = 0.5 in Tables  1 and 9 . However, if C is taken quite large keeping a as well as b small, the PDs generally approach the values found with nonzero The LPM based techniques are exceptions for quite small a and b but not for the large values. As pointed out above ' becomes large when a is large and this, in turn, leads to accurate results for ' much larger than C, as found in the earlier cases. Such findings have been included in Table 9 for a = 100.0, b = 1.0, C = 20.0, while for C = 10 and 5, the PDs turn out to be sufficiently small.
It was contended after Eq. (67) that the use of the rational function in HBM should yield results better than the second-order HBM but worse than the third-order HBM. A consequence of the argument given there is that the two higher-order rational functions proposed in the present work should improve the situation even over the third-order HBM. In a similar manner, the outcome of the EBM based on these rational functions should also be in accord with the above statement. However, in practice, this is not always true for different values of the AHO parameters as can be seen from the content of different tables. For large value of bC 2 , the magnitudes of PDs for HBM are in agreement with the assertion made here though the value for the second higher-order rational function is an exception.
Concluding remarks
Guided by the wide range applications of the AHOs characterized by the non-perturbative parameters and the methods put forward to determine approximate values of their angular frequency and hence time period, we have performed a detailed comparative study of the different modified versions of the Lindstedt-Poincare technique, the harmonic balance method based on the usual approach and on the use of rational functions , the energy balance method and the two-terms Fourier series technique by considering the cubic -quartic potential AHO (and its special cases of cubic, quartic and purely cubicquartic AHOs) as the test case. The conditions for the orbits to be homoclinic in the asymmetric potential AHOs have been obtained and used to define the initial value of the amplitude of oscillations C for q(t )> 0. These, in turn, have been employed to determine the corresponding amplitude D for q(t) < 0. Two new rational functions as approximate solutions in HBM have been put forward. Also the rational functions as trial functions in the EBM have been used for the first time.
The analysis has been carried out by deriving relationships between angular frequency for q(t) > 0 and q(t) < 0 and various AHO parameters , a, b and C or D corresponding to different techniques. These have been then employed to determine the relevant time periods T+, T-and the total time period T for a wide spectrum of the parameter values, including the negative ones of b. The results have been compared with the relevant exact values and have been thoroughly assessed with respect to their different features, viz., the occurrence of aC and bC 2 together, the influence of variation in C from small values to very large values including those bordering the homoclinic and heteroclinic orbits, the effect of increase in the value of , and change in the sign of the anharmonicity parameters a and b. The method for which the PD of an approximate period from the corresponding exact value is the least is not the same in all the cases considered here. Nonetheless, in general, the LPM based approaches have been found to be inadequate in the sense that these do not yield accurate results for T+ and T-. The overall performance of the HBM based techniques is the most superior particularly keeping in view the relatively less effort involved in their implementation. The two-term FSE is the next which is followed by the EBM. It may be pointed out that the conclusion in respect of the third-order EBM is in contrast with the claim by Durmaz and Kaya [20] that its performance is better than that of the HBM. Moreover, EBM using rational functions has not come up to the mark as this failed in some cases.
